Abstract. This paper develops a constructive method for finding a nilpotent basis for a special class of smooth nonholonomic distributions. The main tool is the use of the Goursat normal form theorem which arises in the study of exterior differential systems. The results are applied to the problem of finding a set of nilpotent input vector fields for a nonholonomic control system, which can then be used to construct explicit trajectories to drive the system between any two points. A kinematic model of a rolling penny is used to illustrate this approach. The methods presented here extend previous work using the "chained form" and cast that work into a coordinate-free setting.
Introduction
This work was motivated by the recent interest in trajectory generation for mechanical systems with nonholonomic constraints. Consider the problem of steering a mechanical system whose configuration space is a smooth (C ~ n-dimensional manifold M from an initial configuration x ~ to a final configuration x 1, subject to a set of independent kinematic constraints having the form
The o)~.'s are a basis for a codistribution on M which restricts the velocity of the system to be zero in certain directions. We assume the cots are smooth and linearly independent over the ring of smooth functions. Such constraints can arise when two surfaces roll against each other, such as the rolling between a wheel and the road, or in space-based systems where the total angular momentum of the system is conserved (although strictly speaking this latter case is not a "constraint," it can be treated with the same set of tools). 
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To study such a system, we convert the path-planning problem into a control problem. Let A be a distribution of dimension m = n -k which is annihilated by the constraints. We represent this distribution with respect to a local basis of vector fields:
In coordinates the constraint one-forms can be written as a k x n matrix and the gi's are a basis for the fight null space of this matrix. The path-planning problem can then be restated as that of finding an input function, u(t) ~ E", such that the control system
is driven from x ~ to x 1. As a consequence of our assumptions on the coj's, the gi's are also smooth and linearly independent. We restrict the analysis to a local coordinate chart on M.
The conditions for the existence of a path between two configurations is given by Chow's theorem. We let [f, g] be the Lie bracket between two vector fields, and define the involutive closure of a distribution A as the closure of A under Lie bracketing. Chow's theorem asserts that if the involutive closure of the distribution associated with (3) spans T~M at each configuration, the system can be steered between any two configurations. It is not apparent how the path can be explicitly constructed: the trajectory-generation problem is to construct explicitly paths between two points which everywhere satisfy the constraints.
A set of kinematic constraints is holonomic if the constraints restrict the motion of the system to a submanifold of dimension n -k. In this case the constraints on the system can be rewritten as an algebraic constraint on the configuration variables x. The constraints are nonholonomic if they do not constrain the system to lie on a submanifold of the same dimension as the input space. In particular, we are most interested in constraints which are maximally nonholonomic: any point in the configuration space can be reached. This is equivalent to saying that the corresponding control system is controllable. If the constraints are not maximally nonholonomic, the system can still be analyzed by restricting the initial and final configurations to lie on the same leaf of the foliation generated by the distribution. A control system which has the form given in (3) is called a nonholonomic control system.
The general problem of finding a feasible trajectory for a nonholonomic system is difficult. For certain application areas--such as mobile robotics--fast, efficient algorithms are required and one is often willing to sacrifice conditions such as optimality if the tradeoff is finding a reasonable path in an efficient fashion (see [LJTM] for a review of nonholonomic motion planning in this context). Motivated in part by these applications, there have been recent efforts to understand and exploit the structure of nonholonomic systems using tools from differential geometric control theory. In particular, the use of nilpotent vector fields has appeared
